Abstract: The aim of the paper is to present tuning equations for one-degree-of-freedom (1DoF) proportional integral (PI) and proportional integral derivative (PID) controllers. These are based on a performance/robustness trade-off analysis with first-and second-order plus deadtime models. On the basis of this analysis a tuning method is developed for 1DoF PI and PID controllers for servo and regulatory control that allows designing closed-loop control systems with a specified M S robustness that at the same time have the best possible IAE performance. The control system robustness is adjusted varying only the controller proportional gain.
INTRODUCTION
As it has been widely reported, proportional integral derivative (PID) type controllers are with no doubt, the controllers most extensively used in the process industry. Their success is mainly due to their simple structure, easier to understand by the control engineer than other most advanced control approaches.
In industrial process control applications, the set-point normally remains constant and good load-disturbance rejection (regulatory control) is required. There are also applications where the set-point following (servo-control) is the more important control task.
Although from their commercial introduction in 1940 (Babb, 1990 ) the original three-term PID control algorithm has evolved into the actual four-or five-term twodegree-of-freedom (2DoF) PID control algorithms the vast majority of the controllers still in use are of one-degree-offreedom (1DoF) type.
Since Ziegler and Nichols (1942) presented their PID controller tuning rules, a great number of other procedures have been developed as revealed in O'Dwyer (2006) review. Some of them consider only the system performance (López et al., 1967; Rovira et al., 1969) , its robustness (Åström and Hägglund, 1984) , or a combination of performance and robustness (Ho et al., 1999) .
There are tuning rules optimized for regulatory control operation (López et al., 1967) or optimized for servocontrol operation (Tavakoli and Tavakoli, 2003) . There are also authors that present separate sets of rules for each operation (Zhuang and Atherton, 1993; Kaya, 2004) . For the servo-control operation there is an important group of tuning rules based on zero-pole cancellation, Internal Model Control (IMC), and direct synthesis techniques (Martin et al., 1975; Rivera et al., 1986; Alcántara et al., 2011) .
Due to the constraints imposed by the 1DoF control algorithm it is necessary to develop separate tuning rules for servo and regulatory control. In addition, the controlsystem design procedure is usually based on the use of loworder linear models identified at the control system normal operation point. Due to the non-linear characteristics found in most industrial processes, it is necessary to consider the expected changes in the process characteristics assuming certain relative stability margins, or robustness requirements, for the control system. Therefore, the design of the closed-loop control system with 1DoF PI and PID controllers must consider the main operation of the control system (servo-control or regulatory control ) and the trade-off of two conflicting criteria, the time response performance to set-point or load-disturbances, and the robustness to changes in the controlled process characteristics. If only the system performance is taken into account, by using for example an integrated error criteria (IAE, ITAE or ISE) or a time response characteristic (overshoot, rise-time or settlingtime) as in Huang and Jeng (2002) , and Tavakoli and Tavakoli (2003) , the resulting closed-loop control system probably will have a very low robustness. On the other hand, if the system is designed to have high robustness as in Hägglund and Åström (2002) and if the performance of the resulting system is not evaluated, the designer will not have any indication of the cost of having such highly robust system. Control performance and robustness are taken into account in Shen (2002) , and Tavakoli et al. (2005) optimizing its IAE or ITAE performance but they just guarantee the usual minimum level of robustness. To have an indication of the performance loss when the control system robustness is increased, using M S as a measure, a performance/robustness analysis was conducted for 1DoF and 2DoF PI and PID control systems with first-(FOPDT) and second-order plus dead-time (SOPDT) models (Alfaro et al., 2010) .
Based on this performance/robustness analysis, tuning rules are proposed for servo and regulatory 1DoF PI and PID controllers for four M S robustness levels in the range from 1.4 to 2.0, to design robust closed-loop control systems that at the same time have the best possible performance under the IAE criteria. The presented tuning rules integrate in a single set of equations the tuning of controllers for first-and second-order plus dead-time process models.
The rest of the paper is organized as follows: the transfer functions of the controlled process model, the controller, and the closed-loop control system are presented in Section 2; the performance/robustness analysis is summarized in Section 3; the proposed Optimal and Robust Tuning is presented in Section 4 and particular examples of the performance/robustness trade-off are shown in Section 5. The paper ends with some conclusions.
PROBLEM FORMULATION
Consider a closed-loop control system, as shown in Fig.  1 , where P (s) and C(s) are the controlled process model and the controller transfer function, respectively. In this system, r(s) is the set point; u(s), the controller output signal; d(s), the load disturbance; and y(s), the controlled process variable.
The controlled process is represented by an SOPDT model given by the general transfer function
where K is the gain; T , the main time constant; a, the ratio of the two time constants (0 ≤ a ≤ 1.0); L, the deadtime; and τ o , the normalized dead time. The model transfer function (1) allows the representation of FOPDT processes (a = 0), over damped SOPDT processes (0 < a < 1), and dual-pole plus dead-time (DPPDT) processes (a = 1).
The process is controlled with a 1DoF PID controller whose output is as follows (Åström and Hägglund, 1995) :
where K p is the controller proportional gain; T i , the integral time constant; T d , the derivative time constant; and α, the derivative filter constant. Then the controller parameters to tune are Corripio, 2001 ). Equation (2) may be rearranged, for analysis purposes, as follows
or in the compact form shown in Fig. 2 as
where C r (s) is the set-point controller transfer function and C y (s) is the feedback controller transfer function.
The output of the closed-loop control system varies with a change in any of its the inputs as:
where M yr (s) is the transfer function from the set-point to the controlled process variable and is known as the servo control closed-loop transfer function; M yd (s) is the transfer function from the load disturbance to the controlled process variable and is known as the regulatory control closed-loop transfer function.
The performance of the closed-loop control system is evaluated using the IAE cost functional given by
The controller parameters in the servo-control closed-loop transfer function, M yr , are the same than the controller parameters in the regulatory control closed-loop transfer function, M yd . Therefore it is not possible to obtain a single set of controller parameters θ c that optimize, at the same time, the control system response to a set-point step change and the control system response to a loaddisturbance step change.
The performance (7) is evaluated for a step change in the set-point, J er and in the load-disturbance, J ed .
The peak magnitude of the sensitivity function is used as an indicator of the system robustness (relative stability).
The maximum sensitivity for the control system is defined as
If the system robustness (8) is not taken into account for the design, the controller parameters may be optimized to maximize the system performance or to achieve the minimum value of the cost functional in (7), using M yr Because of the control system performance/robustness trade-off, if a robustness constraint is included into the design then, it is expected that the actual system performance will be reduced (J e ≥ J o e ). Then, the performance degradation factor defined as
is used to evaluate the performance/robustness trade-off.
PERFORMANCE/ROBUSTNESS TRADE-OFF ANALYSIS
To evaluate the performance degradation when the system robustness is increased, the following steps, as they were presented in Alfaro et al. (2010) , were followed.
1DoF Controllers Optimum Performance
For the 1DoF servo-and regulatory-control performanceoptimized PI and PID controllers, the parameters θ
for (1) with a ∈ {0, 0.25, 0.5, 0.75, 1} and ten τ o in the range from 0.05 to 2.0, for set-point and load-disturbance step changes. The robustness of the control systems that deliver the optimal performance was evaluated by using M S .
1DoF Controllers Degraded Performance
To increase the control-loop robustness, a target performance degradation factor, F t p , was included in the cost functional, as follows
for obtaining the PI and PID (servo and regulatory control) parameters θ o1 c such that
When F t p was decreased, the control-system robustness was increased to the target level, M t S . With starting point as the original unconstrained (from the point of view of robustness) optimal parameters θ o1 c , a second optimization was conducted using the cost functional
in order to achieve the target robustness. The robust controller parameters, θ o2 c , are such that
For the analysis, four target robustness levels were considered, M t S ∈ {2, 1.8, 1.6, 1.4}. Finally, the performance degradation factor required for obtaining M t S in (14) was evaluated as follows
Therefore, the second optimization provided the controller parameters θ o2 c required to formulate a system with the target robustness (8), M t S , and with the best performance allowed when using the IAE criteria (7), J er or J ed .
The performance/robustness analysis of the resulting in PI and PID closed-loop control systems pointed out the existing trade-off between them. As shown in Alfaro et al. (2010) , in general performance optimized 1DoF PI controllers are more robust than the PIDs but their optimal performance is lower. The performance optimized regulatory control systems, for both PI and PID, are less robust than the servo-control ones, requiring also more performance degradation, lower degraded performance factor, to reach the same robustness level.
UNIFIED SIMPLE OPTIMAL ROBUST TUNING FOR 1DOF PI AND PID CONTROLLERS (U SORT 1 )
One of the purposes of this contribution is try to capture in a single set of equations the performance/robustness trade-off. This is with no doubt a novel feature as the firstand second-order models are considered at once, without forcing a distinction with respect to neither the model used nor the controller structure. The other purpose is that these robust tuning equations be as simple as possible.
Analysis of the regulatory and servo-control PI and PID controllers parameters shows that for a model with a given time constants ratio a, increasing the control system robustness by decreasing M t S , results in a substantial reduction in K p . However, this increase in the robustness has negligible effect on T i and T d , except in the case of models with a very low τ o (when high robustness is required).
On the basis of this observation, equations that are independent of the target robustness level can be obtained for the controller integral time constant and derivative time constant, as follows:
With these equations at hand, the controller proportional gains are readjusted to match a target robustness to obtain equations given by the following
For FOPDT and SOPDT models with τ o in the range from 0.1 to 2.0 and four M t S values the normalized 1DoF PI and PID controller parameters can be obtained using the process model parameters, θ p = {K, T, a, L, τ o }, for servocontrol and regulatory control from the following relations:
• Regulatory control operation: • Servo-control operation:
The value of the constants a i , b i , and c i in (18) to (23) are listed in Tables 1 to 4 . As noted in these Tables only the a i constants for K p calculation depend on the robustness level M S .
Equations (18) to (23) provide a direct controller tuning for the FOPDT (a = 0) and the DPPDT (a = 1) models. In the case of the SOPDT models with a / ∈ {0.25, 0.5, 0.75} the set of controller parameters must be obtained by linear interpolation between the two sets of parameters obtained with the adjacent a values used in the optimization.
The performance/robustness analysis also shows that the PI controllers with performance optimized parameters for servo-control operation produce control systems with a robustness M S ≈ 1.8. Then, the minimum robustness level of M S = 2.0 is exceeded in this case.
With a maximum absolute deviation from the target robustness M t S of 4.09% and an average deviation of only 0.70% the proposed uSORT 1 tuning may be considered as a global robust tuning method with levels M t S ∈ {2.0, 1.8, 1.6, 1.4} for FOPDT and SOPDT models with normalized dead-times in the range from 0.1 to 2.0.
Equations (18) to (20) and (21) to (23) were obtained for tuning Standard PID controllers. It is know that an equivalent Serial PID controller only exists if T i /T d ≥ 4. As can be seen from Fig. 3 for the uSORT 1 regulatory control τ i /τ d < 4, then there is no Serial PID equivalent in this case, and that for the uSORT 1 servo-control in general τ i /τ d ≥ 4 for time constant dominant models (τ o ≤ 1.0). In the particular case of FOPDT controlled process models the servo-control Serial PID equivalent exists for τ o ≤ 1.4. 
EXAMPLES
For comparison of the performance and robustness obtained with the proposed uSORT 1 method we use the Madhuranthakam et al. (2008) [MEB] tuning rules for Standard PID controllers that optimize the IAE criteria for servo-and regulatory control operation.
First, we consider the FOPDT process given by
The controller parameters and the control system performance and robustness for servo-control and regulatory control operation of P 1 are listed in Table 5 and Table 6 , respectively.
As a second model we consider the SOPDT process given by P 2 (s) = 1.2e −1.5s
(2s + 1)(s + 1) .
The controller parameters and the control system performance and robustness for servo-control and regulatory control operation of P 2 are listed in Table 7 and Table 8 , respectively.
From Tables 5 to 8 it is noted that for same robustness design level (M d S ) the PID controllers deliver more performance than the PI controllers. They also show the performance/robustness trade-off, an increment in control system robustness always reduces its performance. For example, to increase the robustness reducing M d S from 1.8 to 1.6 produces a 11 to 20% reduction in the control system performance.
It is also noted that the performance optimized MEB control systems have low robustness, M S > 2.0 in all cases. Although the MEB controllers are performance optimized the servo-control uSORT 1 PID controllers for M d S = 2.0 produce control systems that are more robust and that at the same time have better performance.
The P 2 control system responses to a 10% set-point and load-disturbance step changes are shown in Fig. 4 and The proposed Unified Simple Optimal and Robust Tuning for 1DoF PI/PID controllers (uSORT 1 ) allows to adjust the control system robustness varying only the controller proportional gain.
